In this paper, we firstly prove the existence of the equilibrium for the generalized abstract economy. We apply these results to show the existence of solutions for systems of vector quasi-equilibrium problems with multivalued trifunctions. Secondly, we consider the generalized strong vector quasiequilibrium problems and study the existence of their solutions in the case when the correspon dences are weakly naturally quasi-concave or weakly biconvex and also in the case of weak-continuity assumptions. In all situations, fixed-point theorems are used.
Introduction
The vector equilibrium problem is a unified model of several problems, for instance, vector variational inequalities, vector optimization problems or Debreu-type equilibrium problems. For new results on this topic, the reader is refered to [1] , [4] , [9] , [11] , [13] , [15] , [17] , [18] , [19] , [21] , [26] .
There are a lot of approaches in order to establish existence results for solutions of vector equilibrium problems. Lin, Chen and Ansari [17] used the existence theorems for generalized abstract economies. This method was proven to be a fruitful one, and it deserves to be deepened. The generalized abstract economy was introduced by Kim and Tan [14] and generalizes the previous models of abstract economies due to Debreu [5] , Shafer and Sonnenshine [23] or Borglin and Keiding [3] . Kim and Tan motivated their work by the fact that any preference of a real agent could be unstable by the fuzziness of consumers' behaviour or market situations.
In this paper, by following the direction opened by Lin, Chen and Ansari [17] , we firstly prove the existence of the equilibrium for the generalized abstract economy with upper semicontinuous fuzzy correspondences. We apply these results to show the existence of solutions for systems of vector quasiequilibrium problems with multivalued trifunctions. Secondly, we consider the generalized strong vector quasi-equilibrium problems and study the existence of their solutions in the case when the correspondences are weakly naturally quasi-concave or weakly biconvex and also in the case of weakcontinuity assumptions. In both last situations, fixed-point theorems are used.
The paper is organised as follows. Section 2 contains preliminaries and notations. In Sections 3, the equilibrium existence of the generalized abstract economy model is obtained. Section 4 studies the existence of solutions for systmes of generalized vector quasi-equilibrium problems. Section 5 presents types of convexity conditions which are sufficient in order to guarantee that the generalized vector quasi-equilibrium problems can be solved. The case of weak-continuity assumptions is approached at the end.
Preliminaries and notation
For the reader's convenience, we present several properties of the correspondences which are used in our proofs.
Let X be a subset of a topological vector space E. The set X is said to have the property (K) if, for every compact subset B of X, the convex hull coB is relatively compact in E. It is clear that each compact convex set in a Hausdorff (resp., locally) topological vector space always has property (K). A normal topological space in wich each open set is an F σ is called perfectly normal.
Let X, Y be topological spaces and T : X → 2 Y be a correspondence. T is said to be upper semicontinuous if for each x ∈ X and each open set V in Y with T (x) ⊂ V , there exists an open neighborhood U of x in X such that T (x) ⊂ V for each y ∈ U. T is said to be lower semicontinuous if for each x∈ X and each open set V in Y with T (x) ∩ V = ∅, there exists an open neighborhood U of x in X such that T (y) ∩ V = ∅ for each y ∈ U. T is said X i and Y i with the following properties:
(i) for each j ∈ J, (f ij ) j∈J is regular; (ii) (f ij ) j∈J and (f ij ) j∈J are upper approximating families for F i ; (iii) for each j ∈ J, the correspondence f ij is continuous if Y i is compact. Lemma 1 is a version of Lemma 1.1 in [25] ( for D = Y, we obtain Lemma 1.1 in [25] ).
Lemma 2. (see [22] ) Let X be a topological space, Y be a non-empty subset of a locally convex topological vector space E and T : X → 2 Y be a correspondence. Let ß be a basis of neighbourhoods of 0 in E consisting of open absolutely convex symmetric sets. Let D be a compact subset of Y . If for each V ∈ß, the correspondence T V : X → 2 Y is defined by T V (x) = (T (x)+V )∩D for each x ∈ X, then ∩ V ∈ß T V (x) ⊆ T (x) for every x ∈ X.
The following lemma is an important result concerning the continuity of correspondences which will be used in our proofs.
Lemma 3. (see [25] ). Let X and Y be two topological spaces and let D be an open subset of X. Suppose
is also upper semicontinuous.
The property of properly C−quasiconvexity for correspondences is presented below.
Let X be a non-empty convex subset of a topological vector space E, Z be a real topological vector space, Y be a subset of Z and C be a pointed closed convex cone in Z with its interior intC = ∅. Let T : X → 2 Z be a correspondence with non-empty values. T is said to be properly C−quasiconvex on X, iff for any
Equilibrium existence for generalized abstract economies
Because of the fuzziness of consumers' behaviour or market situations, in a real market, any preference of a real agent would be unstable. Therefore, Kim and Tan [14] introduced the fuzzy constraint correspondences in defining the following generalized abstract economy.
Let I be any set of agents (countable or uncountable). For each i ∈ I, let X i be a nonempty set of actions available to the agent i in a topological vector space E i and X = i∈I X i .
is a constraint correspondence such that A i (x) is the state attainable for the agent i at x, F i : X → 2 X i is a fuzzy constraint correspondence such that F i (x) is the unstable state for the agent i and P i : X ×X → 2 X i is a preference correspondence such that P i (x, x) is the state preferred by the agent i at x.
If for each i ∈ I and each x ∈ X, F i (x) = X i and the preference correspondence P i satisfies P i (x, y) = P i (x, y ′ ) for each x, y, y ′ ∈ X, the definition of a generalized abstract economy and an equilibrium coincide with the usual definitions of an abstract economy and an equilibrium due to Shafer and Sonnenschein [23] .
The following theorem is the compact version of Theorem 5.1 of Lin and al. ( [16] ). The set X is compact and the correspondences A i , F i and P i have open lower sections. Theorem 4. For each i ∈ I (I finite), let X i be a nonempty compact convex subset of a topological vector space
correspondence, P i : X ×X → 2 X i a preference correspondence and F i : X → 2 X i a fuzzy constraint correspondence. Assume that the following conditions hold:
(i) For all x ∈ X, A i (x) and F i (x) are nonempty and convex; (ii) For all y i ∈ X i , A
Then there exists (x * , y * ) ∈ X ×X such that for each i ∈ I,
We state the following result which is an equilibrium existence theorem for a generalized abstract economy with upper semicontinuous correspondences. We use a method of approximation of upper semi-continuous correspondences developed by C. I. Tulcea in [24] . Theorem 5. For each i ∈ I (I finite), let X i be a nonempty compact convex subset with property (K) of a topological vector space E i , X = i∈I X i be per-
a preference correspondence and F i : X → 2 X i a fuzzy constraint correspondence. Assume that the following conditions hold:
(i) For all x ∈ X, A i (x) and F i (x) are nonempty and convex; (ii) For all y i ∈ X i , P 
Proof. According to Lemma 1, there is a common filtering set J such that, for every i ∈ I, there exists a family (A ij ) j∈J of regular correspondences between X and X i , such that both (A ij ) j∈J and (A ij ) j∈J are upper approximating families for A i and a family (F ij ) j∈J of regular correspondences between X and X i , such that both (F ij ) j∈J and (F ij ) j∈J are upper approximating families for F i . The correspondences A ij and F ij are regular, it follows that A ij and F ij have an open graph and thus they have open lower sections. Since A i and F i have closed graphs, the set W i := {(x, y) ∈ X × X : x i ∈ A i (x) and y i ∈ F i (x)} is closed in X × X. Therefore the abstract economy Γ j = (X i , A ij , P i , F ij ) i∈I satisfies all hypotheses of Theorem 1. It follows by Theorem 1 that Γ j has an equilibrium (x * j , y
which is closed in X × X by condition (iv). On the other hand, note that (x * j , y * j ) j∈I is a net in the compact set X × X; without loss of generality, we may assume that (x * j ) j∈I converges to x * ∈ X and (y * j ) j∈I converges to y * ∈ X. Then, for each i ∈ I, x * i = lim j∈I x * j i and y * i = lim j∈I y * j 
. The next results from this section prove the existence of equilibrium for generalized abstract economies.
Theorem 6. Let Γ = {X i , A i , F i , P i } i∈I be a generalized abstract economy, where I is any index set, such that, for each i ∈ I: i) X i is a non-empty convex subset of a Hausdorff locally convex space E i , D i is a non-empty compact subset of X i and denote X = i∈I
is upper semicontinuous such that for each x ∈ X, A i (x) is a non-empty closed convex subset of X i ;
iii) P i : X × X → 2 X i is upper semicontinuous such that for each x ∈ X, P i (x) is a non-empty closed convex subset of X i ; iv) the set
Proof. According to the assumption i), D is a non-empty compact subset of X. For each i ∈ I, the correspondence
for each (x, y) ∈ X × X has closed convex values and it is upper semicontinuous. Let us define
According to Lemma 3, T i is upper semicontinuous and has non-empty closed convex values.
Let us define the correspondence T :
for each x ∈ X. Then, T is also upper semicontinuous. Since each T (x, y) is a non-empty closed convex subset of the compact set D, by Himmelberg's fixed point Theorem [12] , there exists an (x * , y
According to the assumption v),
Theorem 7. Let Γ = {X i , A i , F i , P i } i∈I be a generalized abstract economy, where I is any index set, such that, for each i ∈ I: i) X i is a non-empty convex subset of a Hausdorff locally convex space E i , D i is a non-empty compact subset of X i and denote X = i∈I
correspondences with non-empty convex values for each open absolutely convex symmetric neighborhood
Let ß i be a basis of open absolutely convex symmetric neighborhoods of 0 in E i and let ß= i∈I ß i .
i is upper semicontinuous with nonempty closed convex values. Let us define
continuous with non-empty closed convex values. Therefore, according to Himmelberg's fixed point Theorem [12] , there exists (
then Q V is nonempty and closed. We prove that the family {Q V : V ∈ ß} has the finite intersection property.
Let {V (1) , V (2) , ..., V (n) } be any finite set of ß and let
Since D × D is compact and the family {Q V : V ∈ ß} has the finite intersection property, we have that
Systems of vector quasi-equilibrium problems under upper semicontinuity assumptions
For each i ∈ I, let X i be a non-empty subset of a topological vector space E i , Y i a topological vector space and let X = i∈I X i and C i ⊂ X i a closed cone
be corespondences with non-empty values. We consider the following systems of generalized vector quasi-equilibrium problems (in short, SGVQEP (I)):
. The next theorems establish the existence of the solutions for systems of vector quasi-equil problem. Theorem 8. For each i ∈ I (I finite), let X i be a non-empty compact convex subset of a locally convex Hausdorff topological vector space E i . Let X = i∈I X i be perfectly normal and C i a closed cone with intC i = ∅. Let f i :
X i be a correspondence with non-empty values. For each i ∈ I, assume that:
X i are upper semicontinuous correspondences with nonempty closed convex values;
ii) for all x, y ∈ X, f i (x, y,
Then, there exists a solution (x * , y * ) ∈ X × X of (SGVQEP)(I). Proof. For each i ∈ I, let P i : X × X → 2 X i be defined by
We will show that P i has an open graph and convex values. We are proving firstly the convexity of P i (x 0 , y 0 ), where (x 0 , y 0 ) ∈ X × X is arbitrary fixed. Let us consider u 1 , u 2 ∈ P i (x 0 , y 0 ) and λ ∈ [0, 1]. Since u 1 , u 2 ∈ X i and the set X i is convex, the convex combination u = λu 1 + (1 − λ)u 2 ∈ X i . Further, by using the property of properly C-quasiconvexity of f i (x 0 , y 0 , ·), we can assume, without loss of generality, that
According to assumption ii), it follows that
The closedness of the (GrP i ) C will be shown now. We consider the net
We use the lower (−C i )− continuity of F and we conclude that, for each neighborhood U of the origin in X i , there exists a neighbourhood
C and (GrP i ) C is closed and therefore, GrP i is open and P i has open lower sections.
According to vi), U i = {(x, y) ∈ X × X : A i (x) ∩ P i (x, y) = ∅} is open and according to ii), x i / ∈ P i (x, y) for each (x, y) ∈ X × X. All the assumptions of Theorem 5 are fulfilled. Then, there exists (x * , y * ) ∈ X × X such that for each i ∈ I, A i (
Remark 1. We note that Theorem 8 differs from Theorem 3.2.1 in [17] in the following way: the correspondences A i and F i are upper semi-continuous and f i is lower (−C i )− continuous for each i ∈ I.
Theorem 9. For each i ∈ I, let X i be a non-empty convex subset of a Hausdorff locally convex space E i , D i a non-empty compact subset of X i and de-
with non-empty values. For each i ∈ I, assume that:
ii) for each x, y ∈ X, f i (x, y,
We will prove that P i has a closed graph and non-empty closed convex values.
Let us fix (x 0 , y 0 ) ∈ X × X. In order to prove the convexity of P i (x 0 , y 0 ), let us consider u 1 , u 2 ∈ P i (x 0 , y 0 ) and λ ∈ [0, 1]. Let u be the convex combination u = λu 1 + (1 − λ)u 2 ∈ X i . Further, by using the property of properly C-quasiconvexity of f i (x 0 , y 0 , ·), we can assume, without loss of generality, that f i (x 0 , y 0 , u 1 ) ⊂ f i (x 0 , y 0 , u) + C i . We will prove that u ∈ P i (x 0 , y o ). If, by contrary, u / ∈ P i (x 0 , y 0 ), f i (x 0 , y 0 , u) ⊆intC i and, consequently, f i (x 0 , y 0 , u 1 ) ⊂ f i (x 0 , y 0 , u)+ C i ⊆intC i + C i ⊆intC i , which contradicts u 1 ∈ P i (x 0 , y 0 ). It remains that u ∈ P i (x 0 , y 0 ). Therefore, P i (x 0 , y 0 ) is a convex set.
Further, we will prove that P i (x 0 , y 0 ) is closed. Let us consider the net {u α : α ∈ Λ} ⊆ P i (x 0 , y 0 ) such that u α → u 0 . Then, u α ∈ X i and f i (x 0 , y 0 , u α ) intC i for all α ∈ Λ. Since X i is a closed set, it follows that u 0 ∈ X i . We assume, by absurd, that f i (x 0 , y 0 , u 0 ) ⊆intC i . Since f i (x 0 , y 0 , ·) is upper semicontinuous, then, f i (x 0 , y 0 , u α ) ⊂intC i for α ≥ α 0 , α 0 ∈ Λ, which is a contradiction. Therefore, our assumption is false and f i (x 0 , y 0 , u 0 ) intC i , i.e. u 0 ∈ P i (x 0 , y 0 ) and P i (x 0 , y 0 ) is a closed set. Now, the closedness of P i will be shown. We consider the net {(x α , y α , u α ) :
, which implies the existence of α 0 ∈ Λ such that for each α ≥ α 0 , f i (x α , y α , u α ) ⊂intC i . The last relation contradicts u α ∈ P i (x α , y α ). Consequently, the assumption that u 0 / ∈ P i (x 0 , y 0 ) is false. Since u 0 ∈ P i (x 0 , y 0 ), GrP i is closed, and, since X i is compact, it follows that P i is upper semicontinuous.
According to vi),
= ∅} is open and according to ii), x i / ∈ P i (x, y) for each (x, y) ∈ X × X. All the assumptions of Theorem 6 are fulfilled. Then, there exists (x * , y * ) such that for each i ∈ I, A i (
Theorem 10. For each i ∈ I, let X i be a non-empty convex subset of a Hausdorff locally convex space E i , D i a non-empty compact subset of X i and denote X = i∈I
lower semicontinuous correspondence with non-empty values. For each i ∈ I, assume that:
correspondences with non-empty convex values for each open absolutely convex symmetric neighborhood
ii) for all x, y ∈ X, f i (x, y, x i ) ⊆intC i ; iii) for each (x, y) ∈ X × X, f i (x, y, ·) is upper semicontinuous; iv) f i (·, ·, ·) is upper ( C i )− semicontinuous; v) for each x, y ∈ X, the correspondence f i (x, y, ·) is C i −quasi-convex;
Then, there exists (x * , y
As in the proof of Theorem 9, we can show that P i is upper semicontinuous with non-empty closed convex values.
According to vi), U i = (x, y) ∈ X × X : A i (x) ∩ P i (x, y) = ∅} is open and according to ii), x i / ∈ P i (x, y) for each (x, y) ∈ X × X. All the assumptions of Theorem 7 are fulfilled. Then, there exists (x * , y * ) such that for each i ∈ I, A i (
Strong vector quasi-equilibrium problems
Let us consider E 1 , E 2 and Z be topological vector spaces, let K ⊂ E 1 , D ⊂ E 2 be subsets and C i ⊂ Z a nonempty closed convex cone. Let us also consider the correspondences A :
We will study the existence of the solutions for the following extension of the generalized strong vector quasi-equilibrium problem (shortly, GSVQEP): finding x * ∈ K and y * ∈ F (x * ) such that x * ∈ A(x * ) and f i (x * , y * , z) ⊂ C i , ∀z ∈ A(x * ), where the correspondence A is defined by A(x) = {y ∈ Y : (x, y) ∈cl X×Y GrA}. Note that clA(x) ⊂ A(x) for each x ∈ X.
The element x * will be called a strong solution for the GSVQEP and the set of all strong solutions for the GSVQEP will be denoted by V A (f ).
Strong vector quasi-equilibrium problems without continuity assumptions
In this subsection, we prove that the set V A (f ) is non-empty also in the case when the correspondences do not satisfy continuity assumptions defined explicitely. Instead, we will use some conditions concerning generalized convexity, mainly, the weakly naturally quasi-concavity property of correspondences. Other assumptions refer to correspondences with weakly convex graphs. We present these notions below.
Let us denote ∆ n−1 = (λ 1 , λ 2 , . .., λ n ) ∈ R n :
Y is said to have weakly convex graph [7] if for each n ∈ N and for each finite set {x 1 , x 2 , ..., x n } ⊂ X, there exists
The relation (1.1) is equivalent to
We introduced in [22] the weakly naturally quasi-concave correspondences.
Definition 3. (see [22] )Let X be a non-empty convex subset of a topological vector space E and Y a non-empty subset of a topological vector space Z. The set-valued map F : X → 2 Y is said to be weakly naturally quasi-concave (WNQ) iff for each n and for each finite set {x 1 , x 2 , ..., x n } ⊂ X, there exists y i ∈ F (x i ), (i ∈ {1, ..., n} and g = (g 1 , g 2 , ..., g n ) : ∆ n−1 → ∆ n−1 a mapping with g i continuous, g i (1) = 1 and g i (0) = 0 for each i ∈ {1, 2, ..., n}, such 2] be defined by
. F is neither upper semicontinuous, nor lower semicontinuous in 2. F is weakly naturally quasi-concave.
The next theorem is our first result concerning the existence of the strong solutions for the GSVQEP.
L be weakly naturally quasi-concave. Let us suppose that, for each n ∈ N, λ ∈ ∆ n−1 and
K a corespondence such that the following assumptions are fulfilled:
f (x i , y i , z).
, where P (x, y) = {u ∈ A(x) : f (u, y, z) ⊂ C ∀z ∈ A(x)}. Firstly, the weakly naturally quasi-concavity of M will be proved. Let us consider n ∈ N, (x 1 , y 1 ), (x 2 , y 2 ), ..., (x n , y n ) ∈ L. For each i = 1, 2, ..., n, there ex- F ) is weakly naturally quasiconcave, it follows that there exists g = (g 1 , g 2 , ..., g n ) : ∆ n−1 → ∆ n−1 a function depending on (x 1 , y 1 ), (x 2 , y 2 ), ..., (x n , y n ) with g i continuous, g i (1) = 1, g i (0) = 0 for each i = 1, 2, ...n, such that for every λ = (λ 1 , λ 2 , ..., λ n ) ∈ ∆ n−1 ,
.., n}. Therefore, P is weakly naturally quasi-concave.
hence, M is weakly naturally quasi-concave. Further, we will prove that M has a continuous selection on L. L is a simplex, and let us suppose that it is the convex hull of the affinely independent set { (a 1 , b 1 ), (a 2 , b 2 ) , ..., (a n , b n )}.
There exist unique continuous functions λ i : L → R, i = 1, 2, ..., n such that, for each (x, y) ∈ L, we have (λ 1 (x, y), λ 2 (x, y) , ..., λ n (x, y)) ∈ ∆ n−1 and
We proved that M has a continuous selection on B. According to Brouwer fixed point Theorem, h has a fixed point (
Therefore, x * ∈ P (x * , y * ) and y * ∈ F (x * ), which implies that there exist x * ∈ K and y * ∈ F (x * ) such that x * ∈ A(x * ) and
We will prove a similar result in the case of biconvexity. The biconvex sets were introduced by Aumann [2] . For the reader's convenience, we present below the most important notions concerning biconvexity.
Let X ⊂ E 1 and Y ⊂ E 2 be two nonempty convex sets, E 1 , E 2 be topological vector spaces and let B ⊂ X × Y.
The set B ⊂ X × Y is called a biconvex set on X × Y if the section B x = {y ∈ Y : (x, y) ∈ B} is convex for every x ∈ X and the section B y = {x ∈ X : (x, y) ∈ B} is convex for every y ∈ Y. Let ( [2] ). The biconvex hull of a set P is biconvex. Furthermore, it is the smallest biconvex set (in the sens of set inclusion), which contains P. y 1 ), (x 2 , y 2 ) , ..., (x n , y n )} ⊂ B, there exists z i ∈ T (x i , y i ), (i = 1, 2, ..., n) such that for every biconvex combination
Theorem 15. Let E 1 , E 2 , Z be topological vector spaces and
have weakly convex graphs and for each n ∈ N, λ ∈ ∆ n−1 and
A(x i ).
We will prove that P is weakly biconvex. Let n ∈ N and (x 1 , y 1 ), (x 2 , y 2 ), ..., (x n , y n ) ∈ B.
For each i = 1, 2, ..., n, there exists u i ∈ P i (x i , y i ), that is u i ∈ A(x i ) and
Since A has a weakly convex graph, it follows that
.., n. Therefore, P is weakly biconvex. Let M : B → 2 B , M(x, y) = (P (x, y), F (x)) ∀(x, y) ∈ B. We will prove that M is weakly biconvex. Let n ∈ N and (x 1 , y 1 ), (x 2 , y 2 ), ..., (x n , y n ) ∈ B. Since P is weakly biconvex, for each i = 1, 2, ..., n, there exists u i ∈ P (x i , y i ) such that for each λ ∈ ∆ n−1 ,
Since F has a weakly convex graph, for each i = 1, 2, ..., n, there exists v i ∈ F (x i , y i ) such that for
λ i x i ). It follows that for each i = 1, 2, ..., n,
Further, it will be shown that M has a continuous selection on B. Since B is biconvex hull of (a 1 , b 1 ) , ..., (a n , b n ), there exist unique continuous functions λ i : K → R, i = 1, 2, ..., n such that for each (x, y) ∈ B, we have (λ 1 (x, y), λ 2 (x, y), ..., λ n (x, y)) ∈ ∆ n−1 and (x, y) =
We show that h is continuous. Let (x m , y m ) m∈N be a sequence which converges to (x 0 , y 0 ) ∈ B, where (
We proved that M has a continuous selection on B. According to Brouwer fixed point Theorem, h has a fixed point (x * , y * ) ∈ B, i.e. h(x * , y * ) = (x * , y * ). It follows that (x * , y * ) ∈ M(x * , y * ). Therefore, x * ∈ P (x * , y * ) and y * ∈ F (x * ), which implies that there exists x * ∈ K and y * ∈ F (x * ) such that x * ∈ A(x * ) and f (x * , y * , x) ⊂ C, ∀x ∈ A(x * ), i.e. x * ∈ V A (f ) and then, V A (f ) is nonempty.
5.2.
Strong vector quasi-equilibrium problems under weak continuity assumptions Now, our last result is stated. The technique of proof is an approximation one.
The next example shows that our condition over A can be fulfilled by correspondences which are not lower semicontinuous. Let us recall that, if
Example 2. Let A : (0, 2) → 2 [1, 4] be the correspondence defined by
A is not lower semicontinuous on (0, 2).
Let D = [1, 2] . For each V = (−ε, ε) with ε > 0, the correspondence A V is lower semicontinuous and A V has nonempty convex values.
Theorem 16. Let E 1 , E 2 , Z be Hausdorff locally convex topological vector spaces, K ⊂ E 1 and D ⊂ E 2 be non-empty convex compact subsets and C be a non-empty closed convex cone. Let A : K → 2 K be a correspondence such that A and A V 1 are lower semi-continuous with non-empty convex values for each absolutely convex symmetric neighbourhood V 1 of 0 in X. Let F : K → 2 D be such that F and F V 2 has non-empty convex values for each absolutely convex symmetric neighbourhood
Z such that the following assumptions are satisfied:
Firstly, we will show that P V 1 is an upper semicontinuous correspondence with non-empty closed convex values. The elements of V A (f ) will be obtained as a consequence of the existence of the fixed points for M .
Let P V 1 be defined by
We will show that P V 1 is defined by
In order to do this fact, the closedness of P V 1 will be shown firstly. We consider the net {(x α , y α , u α ) :
This relation implies that there exists a neighbourhood U 0 of the origin in Z such that f (u 0 , y 0 , z 0 ) + U 0 C. Further, we use the upper C− continuity of f and we conclude that there exists a neighbourhood
C. The last relation contradicts u α ∈ P V 1 (x α , y α ). Consequently, the assumption that u 0 / ∈ P V 1 (x 0 , y 0 ) is false. Since u 0 ∈ P V 1 (x 0 , y 0 ), GrP V 1 is closed, and, since K is compact, it follows that P V 1 is upper semicontinuous.
A V 1 (x) is non-empty for each x ∈ K and, according to the assumption i), it follows that P V 1 (x, y) is non-empty.
Let us fix (x 0 , y 0 ) ∈ K × D. We will prove secondly that P V 1 (x 0 , y 0 ) is closed. Let us consider the net {u α :
is a closed set, it follows that u 0 ∈ A V 1 (x 0 ). By using the lower semicontinuity of A V 1 , we obtain that, for any z 0 ∈ A V 1 (u 0 ) and {u α } → u 0 , there exists a net {z α } such that z α ∈ A V 1 (u α ) and z α → z 0 . It follows that, for each α, there exists z α ∈ A V 1 (u α ) such that f (u α , y 0 , z α ) ⊂ C. Since f (·, y, ·) is lower (−C)-continuous, for each neighbourhood U of the origin in Z, there exists a subnet {u β , z β } of {u α , z α } such that f (u 0 , y 0 , z 0 ) ⊂ f (u α , y 0 , z α ) + U + C. Consequently, f (u 0 , y 0 , z 0 ) ⊂ U + C. Further, we prove that f (u 0 , y 0 , z 0 ) ⊂ C. If, by contrary, there exists a ∈ f (u 0 , y 0 , z 0 ) and a / ∈ C, then, 0 / ∈ B := C − a and B is closed. Thus, Z\B is open and 0 ∈ Z\B. There exists an open symmetric neighbourhood U 1 of the origin in Z, such that U 1 ⊂ Z\B and U 1 ∩ B = ∅. Therefore, 0 / ∈ B + U 1 , i.e., a / ∈ C + U 1 , which contradicts f (u 0 , y 0 , z 0 ) ⊂ U 1 + C. It follows that f (u 0 , y 0 , z 0 ) ⊂ C and then, u 0 ∈ P V 1 (x 0 , y 0 ) and P V 1 (x 0 , y 0 ) is closed. Therefore, P V 1 (x, y) = {u ∈ A V 1 (x) : f (u, y, z) ⊂ C, ∀z ∈ A V 1 (x)} ∀(x, y) ∈ K × D. Now, we are proving the convexity of P V 1 (x 0 , y 0 ), where (x 0 , y 0 ) ∈ X × X is arbitrary fixed. Let us consider u 1 , u 2 ∈ P V 1 (x 0 , y 0 ) and λ ∈ [0, 1]. Since u 1 , u 2 ∈ A V 1 (x 0 ) and the set A V 1 (x 0 ) is convex, the convex combination u = λu 1 + (1 − λ)u 2 ∈ A V (x 0 ). Further, by using the property of properly C-quasiconvexity of f (·, y, z), we can assume, without loss of generality, that f (u 1 , y 0 , z) ⊂ f (u, y 0 , z) + C. We will prove that u ∈ P V 1 (x 0 , y 0 ). If, by contrary, u / ∈ P V 1 (x 0 , y 0 ), there exists z 0 ∈ A V 1 (x 0 ) such that f (u, y 0 , z 0 ) C and, consequently, f (u 1 , y 0 , z) ⊂ f (u, y 0 , z) + C C + C ⊂ C, which contradicts u 1 ∈ P V 1 (x 0 , y 0 ). It remains that u ∈ P V 1 (x 0 , y 0 ). Therefore, P V 1 (x 0 , y 0 ) is a convex set.
In order to prove the existence of the solutions for SVQEP, let us consider ß i a basis of open absolutely convex symmetric neighbourhoods of zero in E i for each i ∈ {1, 2} and let ß=ß 1 × ß 2 . For each system of neighbourhoods V = V 1 × V 2 ∈ ß 1 × ß 2 , let's define the set valued maps
, (x, y) ∈ K × D. M V is upper semicontinuous with non-empty closed convex values. Therefore, according to Ky Fan fixed point theorem [8] , there exists (
). For each V = V 1 × V 2 ∈ß, let's define Q V = {(x, y) ∈ K × D : x ∈ P V 1 (x, y)} ∩ {(x, y) ∈ K × D : y ∈ F V 2 (x, y)}. Q V is non-empty since (x * V 1 , y * V 2 ) ∈ Q V , then Q V is non-empty and closed. We prove that the family {Q V : V ∈ ß} has the finite intersection property. Let {V (1) , V (2) , ..., V (n) } be any finite set of ß and let
and
2 . Then, V 1 ∈ß 1 and V 2 ∈ß 2 . Thus,
Since K × D is compact and the family {Q V : V ∈ ß} has the finite intersection property, we have that ∩{Q V : V ∈ ß} = ∅. Take any (x * , y * ) ∈ ∩{Q V : V ∈ß}, then for each V ∈ ß, (x * , y * ) ∈ M V (x * , y * ). According to Lemma 2, we have that (x * , y * ) ∈ M (x * , y * ). Therefore, x * ∈ P (x * , y * ) and y * ∈ F (x * ). We can prove by using the above technique, that P is defined by P (x * , y * ) = {u ∈ A(x) : f (u, y, z) ⊂ C, ∀z ∈ A(x)} ∀(x, y) ∈ K × D. Consequently, there exist x * ∈ K and y * ∈ F (x * ) such that x * ∈ A(x * ) and f (x * , y * , x) ⊂ C, ∀x ∈ A(x * ), i.e. x * ∈ V A (f ) and then, V A (f ) is non-empty.
Remark 2. Theorem 2 generalizes Theorem 3.1 in [19] , since the correspondences A and F verify weaker assumptions then those ones in [19] .
